We derive the entire KdV hierarchy as well as the recursion relations from the selfduality condition on gauge fields in four dimensions.
extremely restrictive and even though individual integrable equations (e.g. KdV) can be obtained from these conditions, it has proved infinitely difficult to obtain from these the hierarchy of equations associated with a given equation.
In this letter, we show how the entire KdV hierarchy of equations along with the appropriate recursion relations can be obtained from the self-duality condition on gauge fields in four dimensions. In sec. II we give a derivation of the KdV hierarchy based on an Abelian zero curvature condition. We would like to emphasize that the standard zero curvature derivation of the KdV hierarchy [8, 2] uses the Lie group SL(2,R). This derivation based on the Abelian symmetry is, therefore, new and is useful in the discussion of the selfduality condition. In sec. III we show how the KdV hierarchy can be obtained from the self-duality condition imposed on Abelian gauge fields in four dimensions. In sec. IV we derive the KdV hierarchy from SL(2,R) valued gauge fields in four dimensions by imposing the self-duality condition. We present our conclusions in sec. V.
II. KdV Hierarchy:
The derivation of the KdV hierarchy from a zero curvature condition associated with the group SL(2,R) in 1+1 dimension is quite standard [8, 2] . In this section, we show how the hierarchy can be obtained from a vanishing field strength associated with an Abelian gauge field in 1+1 dimension. Let A µ (x), µ = 0, 1, denote an Abelian gauge field in 1+1 dimension. Then, the zero curvature condition reads
where
It is clear that if we identify
where u(x, t) is the dynamical variable of the KdV hierarchy and H n [u] is the nth conserved charge, then the zero curvature condition of Eq. (1) would take the form
which we recognize to be the nth order equation in the KdV hierarchy.
Let us further note that if we choose
where λ is an arbitrary constant parameter (commonly known as the spectral parameter), ∂ −1 is the formal inverse of the derivative operator (can be thought of as a space integration) and C(u) is a functional of the dynamical variable u(x, t), then the zero curvature condition would give
The derivation of the KdV hierarchy as well as the recursion relations is now standard (see for example, ref. 2 p137-138). We note here that it is the biHamiltonian structure of the KdV hierarchy which leads to the derivation of these equations from two distinct zero curvature conditions based on the groups U(1) and SL(2,R).
III. Self-duality condition for U(1) symmetry:
Let us next consider gauge fields in a four dimensional space with signature (2,2).
Thus, we can identify
then it follows that in this space we will have
The self-duality condition for the field strengths associated with any group are given by
where for matrix gauge potentials, the field strength is, in general, defined to be
For an Abelian gauge field, the self-duality relations can be written out in detail as
If we now assume that all the gauge potentials are independent of the extra coordinates (x 2 , x 3 ) and identify A 2 = A 3 , then the self-duality conditions in Eqs. (9)-(11) reduce to
The solution to Eq. (13) is quite simple, namely,
It is also clear that with the choice in Eq. (4) for the gauge potentials A 0 and A 1 , we obtain the KdV hierarchy from Eq. (12). This shows how the entire KdV hierarchy can be obtained from the self-duality condition on an Abelian gauge field in four dimensions.
For completeness and ease of comparison with other references, let us note that the self-duality condition as given in refs. [5] and [7] take the following form for an Abelian field.
In this case, if we identify
then Eq. (16) is automatically satisfied while Eq. (15) leads to the KdV hierarchy.
IV. Self-duality condition for SL(2,R) symmetry:
Let us consider again the four dimensional space with (2,2) signature but gauge fields belonging to the group SL(2,R). In this case, the self-duality conditions in Eq. (8) can be written out explicitly as
Here we assume the gauge potentials as belonging to the 2 × 2 matrix representation of SL(2,R).
Once again, let us assume that all the gauge potentials are independent of the additional coordinates (x 2 , x 3 ). Furthermore, if we identify
the the self-duality conditions of Eqs. (18)- (20) reduce to
If we now choose the SL(2,R) potentials as
then Eq. (22) will give the equation generating the KdV hierarchy, namely,
It is also easy to solve Eq. (23) at least formally as
where we have defined 
V. Conclusion:
We have given a derivation of the KdV hierarchy based on the zero curvature condition associated with a U(1) symmetry group. We have also obtained the KdV hierarchy from a self-duality condition on gauge fields in four dimensions (with (2,2) signature) belonging to U(1) as well as to SL(2, R) symmetry groups. The extension of our results to other 1+1 dimensional integrable systems should be quite straightforward.
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